Abstract. We study the problem of the minimum-time damping of a closed string under a bounded load, applied at a single fixed point. A constructive feedback control law is designed, which allows bringing the system to a bounded neighbourhood of the terminal manifold. The law has the form of the dry friction at the point, where the load is applied. The motion under the control is governed by a nonlinear wave equation. The existence and uniqueness of solution of the Cauchy problem for this equation are proved. The main result is the asymptotic optimality of the suggested control law.
Introduction
Oscillating systems are one of the central objects of control theory [1, 2] . In particular, problems of control for oscillating distributed systems are important for a wide spectrum of technological objects [3] . At present in practice there are essentially no design methods of constructive control laws, which combine the implementation simplicity with the optimality properties. One of the approaches to design of such control laws is the use of the asymptotic theory of reachable sets [4] . Based on this theory, a method of control for a system of an arbitrary number of linear oscillators was proposed [5] . In the present work, the technique developed in [5, 6] is applied to the design of an asymptotically optimal control for a string. The main result is the construction of a bounded feedback control possessing an asymptotic optimality: the ratio of the time of steering to a fixed bounded neighborhood of the terminal manifold under this control to the minimum-time is close to 1, if the initial energy is large.
Problem statement
The controlled object is the closed string described by the following equation:
where the spatial variable x (angle) runs over the one-dimensional torus T = R/2πZ, t is time, and δ = δ(x) denotes the Dirac δ-function. The phase space S of the control system consists of pairs f = (f 0 , f 1 ) of even distributions on T . Thus, the systems has the form
where
Parity can be explained by the fact that any solution of Eq. (1) with zero initial conditions is even. Thus, the odd part of possible states of the string cannot be steered to the terminal set.
A mechanical model of such system can be not only a string, but also, e.g., a toroidal acoustic resonator.
The string equation (1) can be rewritten in the form
The knowledge of the function g is equivalent to the knowledge of ∂f 0 /∂x and f 1 , because the function ∂f 0 /∂x is odd, f 1 is even. The derivative ∂f 0 /∂x defines f 0 up to an additive constant, which is irrelevant if the goal of the control is to stop the oscillations or to stop the motion at an unspecified point. Our goal is to design an easily implementable feedback control providing the fastest transfer from the initial state to the terminal manifold C. The terminal manifold consists of pairs of constants {(c 0 , c 1 )
In the present work, we consider three problems:
(1) Complete stop at a given point:
We can regard the factor space S = S/C as the phase space, since the terminal manifold C is invariant wrt the phase flow of system (2) . In the present paper, we put an accent on Problem 2 and Problem 3, where the string model (4)- (5) is applicable.
Reachable sets
The controllability is the first important issue in construction of the control for the system. We study controllability by computing reachable sets. This approach has much in common with the methods suggested in [2] .
By passing to the backward time, we reduce the problem of characterization of states allowing damping to computation of the reachable set of system (2) from zero. The reachable set D(T ), T ≥ 0 of system (2) is a closed convex set. Computation of the support function H = H D(T ) (ξ), where ξ ∈ S * is the vector of distributions orthogonal to C, gives:
is the Fourier expansion of the even functions ξ 0 , and ξ 1 . Let D be the set of vectors reachable in an arbitrary time. Then, the following characterization of states allowing damping holds true: In other words, the reachability criteria is that
Consider problems of the complete stop at an unspecified point and of the oscillation damping. The corresponding reachable sets D(T ) belong to the reduced phase spaces S = S/C. In this case, we have the following asymptotic result: Theorem 2. As T → ∞ the following limit formula holds true:
One can put the equal sign instead of the limit sign provided that T = 2kπ, k ∈ Z. The case ψ 0 = 0 corresponds to the oscillation damping problem. The equality φ 0 = 0 holds in both problems 2 and 3.
Define a convex closed subset Ω in the phase space in such a way that the support function H Ω (ξ) is given by formula (9): Theorem 3. In the problem of the complete stop at an unspecified point the convex set Ω is defined as follows:
In the oscillation damping problem
Consider the problem of the complete stop at an unspecified point or the oscillation damping problem 
Control in the generalized dry-friction form
In the stop moving problem we design a "quasioptimal" control u(f) based on the following idea: The optimal control in the state f implements the steepest decent in the direction orthogonal to the boundary of the reachable set D(T ) passing through f. The control in the generalized dry-friction form in problems of stop moving and oscillations damping implements the steepest decent in the direction orthogonal to the boundary of the approximate reachable set T Ω. This means that
where the momentum ξ is to be found from the equation
and ζ(t) = ξ 1 (t) + t 0 ξ 0 (x)dx. Such a strategy of the control design was used for the system of an arbitrary number of linear oscillators [5, 6] . The design of the control for the string is obtained by the formal passage to the limit N → ∞, where N in the number of oscillators in the construction considered in the cited papers.
In the stop moving problem, we have f = (f 0 , f 1 ), where
Here f ± denotes the even/odd part of the function f :
Since (sign ζ(0)) + = sign ζ(0), we then obtain that sign ζ(0) = sign f 1 (0) and on the formal level the motion of the string is described by the nonlinear wave equation:
In the first-order model (4), the equations of motion are
This is equivalent to
where the set of indices J = J t consists of k ∈ Z such that z + 2kπ ∈ [−t, 0]. Eq. (16) should not be understood pointwise, but as the equality of distributions wrt z depending on the parameter t.
Existence of the motion under the dry-friction control
As in the case of a system of an arbitrary number of linear oscillators, the issue of the existence of the motion under the control plays a special role. In [6] , this question is resolved within the framework of the DiPerna-Lions theory of the Cauchy problem for ordinary differential equations with singularities.
However, the question of existence and uniqueness of the motion for the sting requires different methods.
Theorem 5. The Cauchy problem for the nonlinear wave equation
where g(x, 0) is a given bounded measurable function, has a unique bounded solution for t ≥ 0. Functions φ(t) = g(0, t) and G(x) = g(x, 0) form the only solution of the equation 
which has a unique solution φ(t) = G(t) − φ(t + 2π) + 1 2 sign φ(t + 2π) = G(t) − sign φ(t), which allows to extend the function φ(t) to t in the interval (0, 4π). Similar arguments give an extension to all positive values of t.
Asymptotic optimality
Our main result is as follows:
Theorem 6. Consider the evolution ρ(t) = ρ(f t ) of the functional ρ(f), when f changes according to the nonlinear wave equation (14) . Put According to Theorem 4, the functional ρ(f) is asymptotically close to the optimal time of passage from f to the terminal manifold. Therefore, the result of Theorem 6 says that along a trajectory of the motion under the generalised dry-friction control, the passage time behaves in the same way as along a time-optimal trajectory.
Thus, for the simplest distributed system the control in the generalized dryfriction form is asymptotically time-optimal in a precise sense.
